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AL > 5K 1+3+5+7+..+89MyH » FEFIREERR 45 ML PAVEER -

HEZ
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S=89+87+85+83+...+1 .. (2
(1) +(2) 2S=90 x 45
S = 45°
A=

1=1x1x1=13
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7+9+11=3x3x3=3°

73+75+..+89=9x9x9=0%
1+3+5+... +89=13+2%+3%+  +9°

13+2°=9=(1+2)2
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J7iE—
1+2-3-4+5+6-7-8+9+10-11-12+ ... + 2005 + 2006 — 2007 — 2008 +
2009 + 2010 — 2011 — 2012
=1+(2-3-4+5)+(6-7-8+9)+(10-11-12+13) +... + (2006 — 2007 —
2008 + 2009) + (2010 — 2011) — 2012

=1+0+0+0+... +(-1) - 2012
=-2012

TE=
1+2-3-4+5+6-7-8+9+10-11-12+ ... +2005 + 2006 — 2007 — 2008 +
2009 + 2010 — 2011 — 2012
=(-0+1+2-3)+(-4+5+6-7)+(-8+9+10-11)+ ...

+ (- 2008 + 2009 + 2010 — 2011) — 2012

=0+0+0+...+0-2012
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HE=

1+42-3-4=-4
142-3-4+5+6-7-8=-8
142-3-4+5+6-7-8+9+10-11-12=-12

1+2-3-4+5+6-7-8+9+10-11—-12+...+2005+ 2006 — 2007 — 2008 +
2009 + 2010 — 2011 — 2012

=-2012
yipi

BRECHN: A 1-3=-2-2-4=-2-5-7=-2> . iSiEAVEEIEA 1006 % -
CJEFL = -2 x 1006 = -2012.
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1+42-3-4+5+6-7-8+9+10-11-12+ ...+ 2005 + 2006 — 2007 — 2008 +
2009 + 2010 — 2011 — 2012 = Re (2) + Im (2).

ixr B Xn+l_1
r=1

x-1

i ixr _i Xn+1 -1
dx | =~ dx{ x-1

o ™ (D)X +1
rXr 1 —
rzzl (x—l)2

- ()

S N=2012 AL x =i, AR
) 2012(i2013)—2013(i2012)+1
- (i-1)’

2 1+42-3-4+5+6-7-8+9+10-11-12+ ...+ 2005 + 2006 — 2007 — 2008
+ 2009 + 2010 — 2011 — 2012 = -2012

z= =—-1006 —1006i
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i APCM HINFEFITNET ZPMC = 40° »
Kt PM =PC =PN - 4755350 » APMN 7R E2%% B
= » ZPMN =70° -

6.2
5% > ZCMN =70° —40° = 30° -

JE=
i AB=AC » ZACB = ZABC = 80° -
#r ZCMN A x » HJZCNM =160°—X
£ ACNM » {3 1FE5% 3= (Sine formula) »
CM : CN =sin (160° - x) : sin X
£ ABCM > CM : BC =sin 80°: sin 40° = 2cos 40°sin 40° : sin 40° = 2cos 40°
Hij*#BNC =/NBC = 50° » ABCN &%= 4] »
CN =BC = sin (160° —x) : sin x = sin 80°: sin 40°
sin(180° — (20° + x)) : sin x = 2cos 40°
sin (20° + x) = 2cos 40° - sin x
sin (20° + x) = 2cos (60° — 20°) -sin X

B3

sin 20° - cos X + cos 20° - sin X 22(%COSZOO+—Sin 20°]sin X

cotx = /3

x =30°

[ 28 R RE Y FLA RE R > [EIEEmT 258 DU 44
http://www.cut-the-knot.org/triangle/80-80-20/Index ToClassical.shtml
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JE=
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(i) A~ BRI
B PEC D E H PYERE -
B 16 TOEZE(rE PR R A~ BUATL - 5 G -
FULAE 0 A~ B AR ALEAT Cf P -

P, P + Cf P 3 =60 FT% -

A=

LR EMGET - EA-B-C D E L AZIHELEAERIE L - JEA

A PO - 1 A~ B EIBRFITESL PORE. » d “B QJHBETE A BA B RIS
PS5 —

H 7 =60 7

byl

FELEARFE B ERES A - B AC, M. - LA -BAER - Alg—fEE

EEIEE A - BIV—FENEE - BA - BIVBSABEWEIZC, - fEE THYREML
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Question 11

If h and k are real numbers such that h?> — 7hk + k%= 2, show that h? + k*> g

Method 1
Let W = h* + K%
By arithmetic mean > geometric mean*, we get

2 2
h erk > Jh?k?

2|hk| < h? + k2

—(h* +k*) <2hk <h®+K? ie. -W <2hk <W ... (1)

On the other hand, h?—7hk + k*=2
W -2
hk = —= (2
- (2)
- : 2(W-2)
Substituting (2) into (1), -W < — <W
L 4
which gives W2§
Method 2
Let W =h? + k2
h? — 7hk + k? = 2 gives hk:#.
0<(h—k)* =h? - 2hk +k* 0<(h+k)* =h? + 2hk +k*
_w-2W=2  Anp _w 4 2W=2)
7 7
_5W +4 9w -4
7 7

w2
9

Remark: The proof of * is given in Question 25.
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Method 3

Since h? + k* = 2 + 7 hk, we are going to find the range of values of hk.
Letx=h-k.
x? = h? - 2hk + k® = h® — 7hk + k? + 5hk = 2 + 5hk

x? -2

Then hk = and h=x+Kk.

Substituting into  h? — 7hk + k* = 2, we get

2
(x+k)2—7[x 5_2j +13=2

5k% + 5xk +2 - x* = 0
- It is a quadratic equation with real roots k.
.. Discriminant > 0
(5x)> -4 (5)(2 - x*) >0

X2 >

© |

h>+k?>=2+7hk

2
:2+7(x —Zj
5

X% —4
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Method 4

First note that (h, k) is a variable point on the conic h? — 7hk + k*= 2.
Rotate the conic in an anti-clockwise direction about the origin through an angle of

%. Let (u, v) be the image of (h, k) after the rotation.

e (1) -4 -on(-5) - A - A
‘ Sin(_%J COS(_%J ' _% % ! %(—uw)

Substituting into h? — 7hk + k? = 2, we get

1 ’ 1 1 1 i
—U+V)| - Tx—=U+V)x—=(-U+V)+|—=(-u+Vv)| =2
L/i( )} «/5( ) «/5( ) L/E( )}

u® -5v> =4
As h? + k? is the square of the distance of (h, k) from the origin and this distance
remains unchanged during the rotation, the minimum value of h? + k? is equal to the

square of the distance of its new vertex (%O) from the origin, which is given by

i,i.e. h?> + k> > f.
9 9
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Question 12

2 2

Given that P(x,y) is a point on the ellipse XT+y? =1.Let k=2x—y. Find the

maximum value of k.

Method 1

2 2

Substituting y = 2x — k into XT - y? =1, we get

Ox? +4(2x —k ) =36
25x% — 16kx + 4k* =36 =0
As it is a quadratic equation with real roots x, discriminant > 0
(—16k) 2 — 4 (25)(4k* - 36) = 0
0<k?<25
.. The maximum value of k is 5.

Method 2

2 2

As P(x,y) isa point on the ellipse XT+y? =1, let x = 2cos0 and y = 3 sino.

Then k =2x—-y=2(2c0s0) —3 sin6d
=4 cosO -3 sind

=5cos(6 + a) where cos o :g and sin o :g
- —-1<cos(0+a)<1
.. The maximum value of k is 5.
Method 3

Let a=2i+2] and b=4i-3].
2 3

S5\
=
>

IRE
b

-

b a

2 2 vV
XLy (2xy)
49 " 4% 4(-3)

2
1> M
25
2X—-y <5
i.e. The maximum value of k is 5.
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Question 13

Find the range of values of y if y = 2—sinx .
2 —CO0S X
Method 1
2-sinx
~ 2-cosX

sinx—ycosx=2-2y

. 1 . y
J1+y?sin(x—a)=2-2y where cosa = and sing = .
( ) «/1+ y? J1+y?
sin(x—a) = 2-2y
y> +1
1< 272 o
y:+1
3y -8y +3<0
4—\/7Syg4+\/7
3 3
Method 2

P(cos x,sinx) is a movable point on the circle u®+v? =1 and A(2,2)is a fixed
point. Then let k = slope of AP and the equation of the line passing though A with

slopekis v-2=k(u-2) ie ku-v—2k+2=0.

The distance* from the centre of the circle (0,0) to this line is less than or equal to the
radius.

-2k +2|
_ <1
w/k2+(—1)2
(—2k+2)2 <k®+1
47 4447

<k <
3 3

Remark: * The formula for finding the distance from a point to a line is shown in
Question 24.
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Question 14

In AABC, AB = ¢, BC = a and CA = b such that ¢® = a® + ab.
Prove that /BCA =2 /BAC.

B
c
a
Figure 7
b
A C
Method 1
Extend BC to D such that CD = AC.
Fromc?=a’+ah, == a+b .nd ZABC = £ABD (common)
a C

.. AABC ~ ADBA (2 sides proportional, inc. £)
.. Z/BAC= ZBDA (corr £s, ~As)
- CA=CD=b
.. ZCAD = ZCDA (base s, is0s. A)
. Z/BCA=ZCAD + ZCDA (ext. £ of A)

=2 Z/CDA

=2 /BDA B

=2 /BAC

A
b

Figure 7.1
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Method 2
Let the angle bisector of #/BCA be CD, and letZBCD = #DCA be 6 and BD = x.
Then DA =c—X.

Area of AACD
Area of ACBD

;AC xCDsin@

; BCxCDsing X
b c—x )
a = ' Figure 7.2
_ac
T a+hb
BDx AB = x-c = 2 _ ) —a? =BC?
a+b a+b
BC BD
ie. AB BC
Also ZABC = «CBD
. AABC ~ ACBD (2 sides proportional, inc. )
Then «ZBCA=«/BDC (corr. Zs, ~As)
20 = /BAC + Z/DCA (ext. £ of A)
20 = /BAC + 6
/BAC =0

. ZBCA =2 ZBAC.
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Question 15
Figure 8 shows a square ABCD. E is the mid-point of CD, F is a point which lies on
BC. Also AF = CD + CF. Prove AE is the angle bisector of ZDAF.

A D
E
Figure 8
B F C
Method 1
Produce FE to G such that ADG is a straight line.
In ADEG and ACEF, A D
DE=EC (given)
/DEG = ZFEC (vertopp £) 1
Z/EDG =180° —ZADE (adj. Zs on ast. line) E
=90° (definition of square) 1
= Z/ECF (definition of square)
. ADEG=ACEF  (AS.A) B F C
. DG=CF (corr. sides, =As) Figure 8.1
AG =AD + DG
=CD+CF (definition of square)
=AF (given)
- EF=EG (corr. sides, =As)
.. AE is the median of an isosceles AAFG.
i.e. AE is the angle bisector of ZDAF.
Method 2
Produce AE and BC such that they meet at N. A D
It is easy to show that AADE =~ ANCE (A.S.A)).
.. AD =NC (corr. sides, =As) ] E
and AF=CD+CF (given)
=AD + CF  (definition of square) \
=NC + CF B F c
=FN
- ZFAN = ZFNA (base s, is0S. AS) Figure 8.2

ZFNA = ZDAE (alt. Zs, AD /I CN)
.. ZFAE = Z DAE i.e. AE is the angle bisector of ZDAF.
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Question 16

In AABC, AC = AB. If AC = CD and M is the mid-point of AC,

is it true that BD = 2BM?

Method 1
Let N be the mid-point of BD.
. AC=CDand BN = ND,

. CN :%AB and CN//AB  (Mid-point theorem)

. ZNCB=<ABC (alt. £s, CN /I AB)
~ABC =ACB (base s, iS0s. A)

Then ~NCB= ~/MCB

" M is the mid-point of AC
.. CM= lAC= EAB: CN

2 2

Also BC is the common side.
.. ACNB=ACMB (S.AS)

. BN =BM (corr. sides, = As)

i.e. BM =BN = %BD

Method 2
Extend BM to O so that OM = BM. Join OA and OC.

Then OABC is a parallelogram. (diagonals bisect each other)

..OA=BC (opp. sides, //gram)
AB=AC=CD (given)
~BCD =180°-~ACB (adj. ~ onast. line)
~BAO=180°-_~ABC (int. ~s, OA// BC)
" ZACB=-ABC (base s, is0s. A)
.. ZBCD =~BAO
. ABCD=AOAB (S.AS)
Then BD = 0B (corr. sides, = As)
BD = 2BM

Figure 9

Figure 9.1

0 A
J X
C B

D




Question 17
In Figure 10, BD 1 CD, BF//CD and EF = 2BC. Is it true that /BCD =3 ZFCD?
B

F

Figure 10

C D

Method 1
Let O be the mid-point of EF. Join BO.
" /FBD = #BDC =90° (alt. Zs, BF // CD) B

.". We can construct a circle passing
through B, E and F with EF as the diameter
and O as the centre.
1 E
Then BO == EF =BC
2 Figure 10.1

..BO=0F=BC C D
. /BFO=/FBO and /BCO=-/BOC (base £s, is0s.A)
~BOC =~/BFO + ~FBO =2 ~/BFO (ext. £ of A)
. «BCO=2,/BFO
Also ~ECD =~/BFO (alt. s, BF/ICD)
~BCD=-,BCO +~/ECD=3~/FCD

Method 2
LetBGLCF, ~FCD=a,ZBCE=,BC=a. B

Then in ABCG, BG = a sinf

In ABEF,

~FBD =~BDC =90° and

/BFE=/FCD=0a (alt. 2s, BF//CD) E
BF = 2a cosa

In ABFG, BG = 2a cosa sina. C D
". asinf = 2a cosa sina
sinf = sin2a. Figure 10.2
B=2a
ie. ~BCD=3-/FCD

32



Question 18
Given that ABCD is a square, and O is a point inside the square such that
Z0DC = Z0CD = 15°. Prove that AOB is an equilateral triangle.

A 78
Figure 11
L 15° 15 ! g
D C
Method 1
Construct APAD = AODC inside ABCD.
DO=CO (sides opp. eq. £9)

~AP=PD=D0O=0C
Also /PAD = /PDA = Z0ODC = 15°
ZADC =90° (definition of a square)
..ZPDO = 60°

/DPO = ZDOP (base /s of isos. A)
..ZDPO = 60° (£ sum of A)

ZAPD =150° (£ sum of A)
S ZAPO =150° (s at a point)

Z/PAO = Z/POA (base s, is0s. A)
. ZPAO = 15° (£ sum of A)

Z/DAB = 90° (definition of a square)
..Z0AB = 60°
Similarly, ZOBA = 60°
.. ZAOB = 60° (£ sum of A)
..AAOB is equilateral.

Figure 11.1
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Method 2
/ADC = /BCD = 90°
/ADO = /BCO = 75°

(definition of square)

(sides opp. eq. £3)
(definition of square)
(S.AS)

(corr. sides, = As)
(corr. £s,= As)

(base /s of isos. A)

ZAOB =180°-2x (£ sum of A)

DO=CO

AD =BC

..AADO = ABCO
AO =BO

ZAOD = /BOC

Let ZOAB =x.

Then ZOBA =X
/DO0C = 150°

. ZAOD =x+15°

Also ZABO < ZAOB

and

(£ sum of A)

.. AO < AB.

/ADOQO = 75°
If x<60°then LAOD < LADO =75° .

15° 15°

Figure 11.2

.. AD <AO.

i.e. AD < AB which contradicts the fact that ABCD is a square.
", X cannot be smaller than 60°.

Similarly, x cannot be larger than 60°.

. X=60°

. ZABO = ZBAO = ZAOB = 60°

. AAOB is equilateral.

Method 3

Produce CO to meet BD at P. Join AP.

ZADP = ZCDP =45° (property of square)
DP =DP (common)

AD =DC (definition of square)
. AADP = ACDP (S.AS)

. AP=CP

/DAP = ZDCP = 15°

ZDPA = ZDPC
ZPDO = 30°
ZPOD = 30°
. PO=PD
«DPO =120°
ZAPO =120°
.. AAPO = ACPD
~ AO=CD

34

(corr. sides, = As)
(corr. Zs, =As)
(corr. Zs, =As)

(ext. £ of A)
(sides opp. eq. £s)
(£ sum of A)

(s at a point)
(S.AS)

(corr. sides, = ASs)

Figure 11.3

Similarly BO =CD
~ AO=BO=CD=AB
. AAOB is equilateral.



Method 4

Construct an equilateral ACDP as shown.

DO =CO

OP =0P

DP =CP

ADOP = ACOP

Z/DPO = ZCPO = 30°
ZADO =75° = Z/PDO
AD=PD=CD

DO =DO

. AADO = APDO

. Z/DAO = #DPO = 30°
. ZBAO =60°
Similarly ZABO = 60°
. ZAOB = 60°

. AAOB is equilateral.

Method 5

(sides opp. eq. £3)
(common sides)
(sides of equil. A)
(S.S.S)

(corr. £s,= As)

(definition of square)
(common)

(S.AS)

(corr. £s,= As)

(£ sum of A)

Construct an equilateral ACPD as shown.

ZPCD =60°
. /BCP =30°
- PC=CD=BC
.. Z/BPC = /ZPBC = 75°
Z/PBA =90° — 75° = 15°
Similarly, ZBAP =15°
AB=CD
. AABP=ADOC (ASA)
. PB=0C
PO =PO

(£ of an equil. A)
(definition of square)

(base /s of isos. A)
(definition of square)

(definition of square)

(corr. sides, = As)
(common)

It is easy to show that APDO = APCO (S.S.S.)

. ZCPO = ZDPO = 30°
/ZBPO = ZCOP = 105°

.. APBO = AOCP

. OB=CP
OB=CP=CB=CD

(corr. £s, =As)

(S.AS)
(corr. sides, = ASs)

Similarly OA=DP = DA = AB

. AAOB is equilateral.

D

—0

30°

30°

Figure 11.4

Figure 11.5
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Method 6

Apply sine and cosine laws.

LetAB=BC=CD=DA=1. (definition of square)
1 s

sinl50°  sinl5’

sin15° sinl5° 1

S =
sin150° sin30° 2cos15°
/BCO =90° — 15° =75°
2 =12 +82 —2x1xSxC0S75°

In AOCD,

(definition of square)

+ 1 X
4c05%15° 2c0s15°
1 sin15°cos15°
+ 5 —2x >
4c0s°15° 2c0s“15°

x sin15°

14 1 2sinl15°c0s15°
4c0s%15° 2c0s%15°
1 sin30°
=1+ —
4c0s°15° 2c0s%15°
=1
ot=1
Similarly, AO =1

~ OB=0OA=AB=1
. AAOB is equilateral.

Method 7

Construct an equilateral triangle AQB with

Q inside the square.

ZQAD =90° - 60 = 30° (definition of square)

- AB=AQ=AD

. ZADQ = ZAQD =75° (base s, is0s. A)

- ZQDC =15°

Similarly, ZQCD = 15°.

Hence QD, QC coincide OD, OC respectively,

i.e. Q and O coincide.

. AAOB is same asA AQB, which is
equilateral.
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Question 19
Prove sin(A + B) = sin A cos B + cos A sin B.

Method 1 O<A+B<%

Figure 12

Q X R
Consider APQR. Construct a line PX such that PX L QR.
Let ~QPX=A, ~XPR=B,QP=a,PR=b,PX=h
In APQX, h=acosA...(1)

In APRX, h=DbcosB...(2)
Consider the areas of APQX, APRX, APQR.

From (2), area of APQX :%ah sinA= %absin AcosB

From (1), area of APRX :%bhsin B= %absin Bcos A

Area of APQR:%absin(AJr B)

-~ Area of APQR = Area of APQX + Area of APRX
1., . 1, . 1., .
Eabsm(A+ B) = Eabsm AcosB +Eabsm BcosA

sin(A+ B) =sin AcosB +sinBcos A

Method 2

Let z; = cos A + i sin A and z, = cos B + i sin B where i? = —1.
Then the exponential form of z, and z are respectively e” and e'®.
. " xe® = (cos A +isin A) (cos B + i sin B)

e'@*B)=(cos A cos B —sin A sin B) + i(sin A cos B + cos A sin B)
On the other hand, ' ®*®= cos (A + B) + i sin (A + B)

cos (A+B)=cosAcosB-sinAsinB

And sin (A + B) =sin Acos B + cos Asin B
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Method 3

Let OP = (cos A)T+(sin A)Tand 0Q = (cos B)?+(sin B)T di
E— o Q
OP « OQ =cos AcosB +sin AsinB and
B xP
OP.0Q = ‘OP ‘ ‘OQ‘ cos ZPOQ = cos(B — A) =cos(A—B) \l A
S >
.. cos (A—B)=cosAcosB+sinAsinB O|; X
Figure 12.1

Replace A by %—A :

cos(%—(AJr B)J = COoS (%— Ajcos B+ sin(%— A)sin B

sin (A+B)=sin AcosB + cosAsinB

Method 4
In Figure 12.1, P =(cos A;sin A) and Q =(cosB,sinB).

ThenOP=0Q=1

By distance formula,

PQ? = (cos A — cos B)? + (sin A — sin B)?
= cos? A — 2cos A cos B + cos® B + sin? A — 2sin A sin B + sin’ B
=2 —2(cos A cos B + sin A sin B)

By cosine formula,

PQ’ = OP? + 0Q* - 2(OP)(0OQ) cos (A - B)

=2-2cos (A-B)

. cos (A—B)=cosAcosB+sinAsinB

Replace A by %f A.

cos(%—(A+ B)J = COS (%—AjcosB+sin (%—A)sinB

sin (A+B)=sin AcosB +cosAsinB
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Question 20
In AABC, BC = a, AB = ¢, AC = band ZABC = 2/BAC. Prove that b> = a(a + c).

Method 1 5
Construct the angle bisector BD of ZABC. Let Z/BAC = x.

Then ZCBD = ZABD = /BAC = x.
- ABCD~AACB (AAA)

BC = AC (corr. sides, ~As)
CD CB
a b A
=~ C D
b a2 Figure 13.1
co=2
b
Also by sine formula, in AABD, PA =— ¢ .. (D
sinx  sin(180° —2x)
in aBCD, P __2 o)
sinx sin2x
(0] DA ¢
(2 CD a
DA+CD a+c
CD a
b _a+c
CD a
cp-_ 3
a+c
a’ _ ab
b a+c
b%=a(a + c)
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Method 2
Produce CB to D such that BD = AB. Join AD.

D
A
/BDC = #BAD (base /s, is0s. A) 7\
7
|
- L aBC (ext. Z of A) <
2 / \
= /BAC o/ “
Then AABC ~ ADAC (A.AA) |
|
AC = be (corr. sides, ~As) |
BC AC |
b _a+c ‘
a b c A
b%=a(a + c) Figure 13.2
Method 3
Produce AB to D such that BD =BC. D
Join CD. r\
Then #BDC = /BCD (base s, is0s. A) N
| AN
-1 ZABC (ext. Zof A) | N
2 | \
..ZCAD = /BDC =«CDA I
AC=CD=b (sides opp. equal £s) :
And ABCD ~ ACAD (A.AA) |
|
AC = AD (corr. sides, ~As) I
CB CD ya A
b_a+c Figure 13.3
a b
b?=a(a +c)
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Method 4
Let R be the radius of the circumscribed circle of AABC.
Let ZBAC = x.
By sine formula,
a b c

2R

sin X - sin 2x - sin(z — 3x) - C

Then a(a + ¢) = 2R sinx (2R sinx + 2R sin 3x)
= 4R? sin x (sin x + sin3x)
= 4R%sin x x 2sin2x cos X
= 4R? sin%2x
= p?

Figure 13.4
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Question 21
Prove that 23" —19" is divisible by 4 for all positive integer n.

Method 1: By Mathematical Induction.
Let S(n) be the statement: <“23" —19" is divisible by 4”, where n is positive integer.
When n=1, 23'-19'=4, which is divisible by 4.
Therefore, S(1) is true.
Assume S(K) is true, where k is some positive integer.
That is, 23“—19%is divisible by 4,
We can rewrite 2319 =4M for some positive integer M.
When n=k+1, 23“*"_19
= 23(23)-19(19%)

=23(23 —19%) +4(19")

= 23(4M) +4(19%)

=4(23M +19*)  which is divisible by 4
Therefore, S(k +1) is also true if S(k) is true.
By Principle of Mathematical Induction, S(n) is true for all positive integer n.
Method 2: Using Binomial theorem.
For positive integer n,
(X+y)" = ic,”x“‘ryr =X"+C/ X"y +CIX" P y? + CIX" Y + CIX My + L+ ClY"
By puttingr_;)( =19and y =4, we get:

23"
= (19+4)"

=19" +C/19"" (4)+C;19"*(4*)+..+C} (4") =19" + icr“lg”*r (4")
r=1
=19" + 4&1“ C/L 19" (41 )}
r=0

23" 19" =19" +4{§CF&19H<H1) (# )} 9 4{%4@*19””” (# )}
=0 r=0

n-1
As C!, 19" and 4" are all positive integers, ZC

r=0

r+1

",19" Y (4" )is also a positive

integer.
Therefore, 23" -19" is a multiple of 4.
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Method 3: By factorization

Firstnote that X" —1=(X=D(X"" +x"% +x"° +...+1) = (x —1)(

Gl
|5 G

n-1 n-2
J{EJ +...+[£j+1
y y
n-1 n-2

566

Xn _ yn — (X— y)(xn—l + Xn—2y+ Xn—3y2 +.+ Xyn—2 + yn—l)

By putting x = 23 and y =19, we get

23" -19" = (23-19)[ 23" +(23"%)(19) + (23" *)(19°) +...+ (23)(19"*) +19"" |

= 4{51:(23"-“)(193}

n-1
Note that 2(23“‘1‘r)(19r) IS a positive integer.
r=0

Therefore, 23" -19" is a multiple of 4.
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Question 22

3

Evaluate J.X— dx.

(1+x2)2
Method 1
x> 1 X’
J.mdx =5 md(l+x2)
2 —
= % (ZX 2) 21d(1+x2)
+x)
- %J' t 1 - d(l+x2)

1+x° (1+x%)

1 In@L+ x?) + 1 +C where Cis an arbitrary constant.
2 2(1+x%)

Method 2
Put x = tan u. dx = sec’udu.

tan®u
: dx:'[—zseczu du
(sec2 u)
J-sin3 u
cosu

du

_ 2
= _J‘]ﬂ d(cosu)
cosu

cos?u

= —In|cosu|+ +C

+C

1 2
= =In|secu|+ 5
2 2sec” u

-1 In |1+ x*| +% +C where C is an arbitrary constant.
2 2(1+ x?)
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Method 3 Resolve the integrand into partial fractions.

3
X
Let = &&X+ b + cx+d 5 for some constants a, b, ¢ and d.

(1+ x2)2 1+x° (1+x2)

X3 =(ax+b)<1+x2)+cx+d

Then by comparing coefficients of corresponding terms on both sides, we get
a=1b=d=0,c=-1
X3 X X
J 5 dx= .[ > = 5 (dx
(1+x2) 1+Xx (1+x2)

1 1 1
EI 1+x? _(1+x2)2 d(1+x°)

1
= ZInl+x*)+———+C : :
2 2(1 4 Xz) where C is an arbitrary constant.
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Question 23

Find J'COSX SII’]X

cosx+smx
Method 1
J-cosx—sinxdx : J-d(cosx+sinx)
COS X +Sin X COS X +Sin X
= Injcosx+sinx|+C  where C is an arbitrary constant.
Method 2
. . 2
COS X —Sin X COS X —sin X
J—_ dX: I( 2 - 2) dX
COS X +Sin x COS* X —Sin® X
1-sin2x
S LN
C0S 2X
1 2
= .|'sec2xdx+—'fdcOS X
2° cos2x
1 1
= Eln|sec2x+tan2x|+Eln|0032x|+C
Method 3
—sin 1—tan
Jcosx s! X g = J- a X 4y
COS X +5in X

1+tan X

tan = — tan x
=j4— dx
1+tan%tanx

:jtan(%—xj dx
sec(% -~ xj
cos (% - xj

=—In +C

=In +C

46

where C is an arbitrary constant.

where C is an arbitrary constant.



Question 24

Show that the distance between a point A(x,,y,)and alineL:ax+by+c=0is

‘ax0 +by, +¢

Ja? +b?

Proof 1
Stepl: Find out the distance between the origin (0, 0) and the line L.

The equation of the line L' perpendicular to L and passing through the origin is

bx —ay = 0. By solving the equation directly, we can show that the intersection of L
—ac —bc

a? +b?’ a? +b2j'

The distance between the origin and L
2 2
—ac —bc
=0P= + =
\/[a2+b2j (a2+b2j

Step 2:  Find out the distance between A and L by translating the origin to A.

and L' is P(

Cc

Ja? +b?

Letx'=Xx—X, and y'=y-Y,.Referring to the coordinate system (x',y'), Ais
the origin and the equation of line L is a(x"'+ x0)+b(y'+ Y,)+Cc=0,

i.e.ax"+by'+(ax, +by, +¢)=0.
.. by the result of step 1, as the distance between A and L remains unchanged after

ax, +by, +¢

Ja? +b?

the translation, its value is given by
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Proof 2

Figure 14

Suppose P(x, y) is a point on the line L and & is the angle between AP and AQ.
Then AP =(x—x,)i+(y—Y,)j andlet v=ai+bj beavector perpendicular

to line L as shown in Figure 14.
Distance between Aand lineL =AQ

= Hﬁ‘ cos 0‘
efed

i
HﬁH\?‘ cos (7 - 6’)‘

i

_ AP

i

_a(x=x) +b(y - ¥o)

Ja? +b?

ax, +by, +¢

Ja? +b?
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Question 25 (Inequality of arithmetic and geometric mean)

Giventhat a, a,,..., a, arenon-negative numbers. Show that

a +a,+--+a,
n

2 n aiaz...an

and the equality holds if and only if a,=a,=..=a

n -

Note: If there are some of a,, a,,..., a, are zero, the inequality obviously holds.
Hence we only need to consider a,, a,, ..., a, all being positive.

Proof 1

Step 1: First we need to prove the following result.

Suppose X, X,,...,X,are positive numbers such that x, x,...x,= 1.
Then

X, + X, +--4+X, 2N
and the equality holds if and only if X =X, =---=x, =1.

n

When n =2, (\/Z—\/Z)Z 20 = X +X =2XX, =2
and the equality holds iff x, =Xx,=1.

.. the result holds for n = 2.

Assume the result holds for some positive integer k.
l.e. Given X, X,,...,X, are positive numbers such that XX, ---x, =1.

Then X +X, +---+ X =k, and the equality holds if and only if

X, =X, ==X =1.

When n =k +1,

let X, X,,...,X, X, Dbepositive numbers such thatx X, ---x X, =1.
Since X, X, ... X X, = 1, there exists distinct positive numbers i, j with
1<i, j<k+1 suchthatxi>1andx;<1.

W.L.O.G,,say xxk >1and xx+1<1.
By inductive hypothesis, we have X +X, +---+ X X, =K

Thus X, +X, +-+ X + X, = k+1+(xk + X1 = X Xon —1)
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where X, + X, ., — X X1 —1= (% _1)(1_Xk+1) 20.

SO Xy A X X, 2K+
The equality holds iff X, =X, =---=X_, =XX,, =1 and X, =X, =1, 1i.e.

X=X ==X =X =X =1.

By the principle of mathematical induction, the result holds.

Step 2:
Substitute x. — % for 1<i<n.Then XX, --X, =1 and we have
naiaz...an
Gt
nfaiaz...an
a+a,+--+a, > ifam - a
n
The equality holds if and only if % 1 for 1<i<n.
naiaZ'”an
ie.a = a =..= a,.
Proof 2:

First of all ,we need to establish the following result:
Suppose f : | — Ra twice differentiable function where 1 is an interval such that
f"(x)<0 foranyxel.

Then for any positive integer n > 2,if X, X,, X, -+, X, €| and
o, a,, -, a,<(0)suchthat o4 +a, + -+, =1, we have

flaX +a% + +ax )= f(x)+a )+ +a,f(X,).
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Whenn =2, suppose X,, X, €l and o, a, €(0,1) suchthat o +a, =1.
If X, =X,, the equality holds automatically.

So consider X <X,.By Mean-Value Theorem,

there exist & e (X, X +a,%,)and &, € (X, +a,%,,X,) such that
Lof(ax +aX)—f(x)=[(a-1)x +a,x% | f'(a)=a,(%-%)f'(g)
2. fax +aX%)—f(x%)=[ax +(a,-1)% |f'(&)=—a(%-x)f'(s)

Multiply the first one by ¢, and the second one by «, and sum up them. We get
o (X + % )—a f (%) +a, f (X +a,%,)—a, f(X,)

=50, (%, _Xl)l:f (&)~ f I(EZ)]

>0 (- FU(X) <0)
o f(ax X )+ o, f (o +a,%) = o f(x)+a, f(X,)
fax +a,%)=af(x)+a,f(x)

Therefore, the result holds when n = 2.

Assume the result holds for some positive integer k.

e If x,%,, x eland &,a,,-, o, €(0,1) suchthat o4 +ax, +---+ ¢, =1,
we have f(ax +a,% + -+ X )= f(x)+a, f(6)+ -+ f(X).
Whenn =k + 1, suppose X, X,,:*, X, %, €l and a,a,, -, &, ., €(0,1)

suchthat o +a, +---+ o + ¢, ,; =1.

f (azlx1 Fa,X, + oo X, +(xk+1xk+1)

= f(c(lx1 +(1—0(1)(1a2 X2+..-+lak X, + Fat Xkﬂj}
1

-, - l-«a

a a a,,
Zalf(x1)+(1—a1)f(1_2a x2+---+l_ka xk+1_k; Xk”j
1 1 1

a, a,
X, 4+ X, + Xql€l)
l1-o l-o l-o

= o f(x)+a,f(X)+ -+ F(X)+a.. F(X.) (bytheinductive hypothesis)

By the principle of mathematical induction, the result holds.
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Remark: Actually, we have proved an inequality called Jensen’s Inequality. Think
about what will happen if f"(x)>0 foranyxel.

Step 2:

Consider f(x) = In x and | =(0, +).
n 1
f"(x)=—= <O0foranyx e(0,+x)
X

2

By previous result, we have

In(aa, + 2,3, +a,8,) 2 Ina, +a, Ina, +---+ ¢, Ina,
(8, + a8, +a,a,) 2 In(a"a, ---a," )
a +a,a, -+ a,a, >a™a,” ---a," (. Inxisastrictly increasing function)
. 1 .
By putting «, ==forany 1<i<n, we have
n

1
Larara)>qaaa
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